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Introduction. 

This paper arises out of the postscript to the " Memoir on the Theory of 
the Partitions of Numbers," Part V. Phil. Trans. R. S., Vol. CCXI, A 473, 
January, 1911. In that paper I derived algebraic functions of a single vari- 
able from certain permutations of any assemblage of objects. The permuta- 
tions were restricted to be such as fulfilled certain conditions, and by reason of 
their intimate association with lattices or gratings of nodes complete or in- 
coinplete they were termed lattice-permutations. The discovery of the functions 
led to the solution of the problemn of two-demensional partition at the points of 
a Ferrers-Sylvester graph suchi as is figured below, 

where we have a system of nodes constituting the graph of a partition of a 
number. In two-dimensional partition we have a certain generalization of 
ordinary or one-dimensional partition. In the latter the partition is consti- 
tuted by numbers placed at the nodes of a single row in descending order of 
magnitude, the aum of the numbers being equal to the numiber which is par- 
titioned. In the former numbers are placed at the n-odes of the two-dimen- 
sional system in such wise that the numbers are in descending order of 
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magnitude alike in each row anad in each column of the system. The systeml of 
nodes is supposed to be given, and when the sum of the numbers placed at the 
nodes is equal to the partitioned number, the system of numbers in two dimen- 
sions is a two-dimensional partition of the given number qua the given system 
of nodes. It will be observed that the system of nodes is itself defined by a one- 
dimensional partition of some number and the enumerative problem that was 
solved may be stated as the determination of the number of partitions of ainy 
number qua a system of nodes defined by any one-dimensional partition of 
any number. The generalization that was made was brought to a conclusion 
in a subsequent paper, " Memoir on the Theory of the Partitions of Numbers," 
Part VI. Phil. Trans. R. S., Vol. CCXI, A479. It depends upon the relative 
position of the parts and may be made to depend upon linear Diophantine anal- 
ysis. The problem is certainly very simply stated in Diophantine terms, but 
the actual solution reached was obtained from generating functions derived 
from permutations in association with the given system of nodes. The permu- 
tations were made to lead to algebraic functions through the agency of numbers 
derived from the permutations. In the postscript alluded to there was an 
adumbration of a similar theory connected with the entire set of permutations 
of any assemblage of objects. The present paper opens the discussion of this 
question and formally introduces various kinds of indices of permutationls. So 
much of the matter that the postscript discussed as involved a limit to the 
magnitude of the parts is not broached here except in one place in an inciden- 
tal manner. The theory of the greater and lesser indices is complete. That of 
the equal index is incomiplete so far as the algebraic functions are concerned, 
but the theory of the average values is complete in this case also. As regards 
the theory of the major and minor indices, the discussion is complete when the 
assemblage only contains three kinads of objects and the crude form of generat- 
ing function has been obtained for the most general assemblage. The theory 
of average values is comiplete in this case also. I hope, if permitted, to con- 
tinue the discussion on a future occasion. 

A communlication on the subject-natter of this paper was made to the 
Mathematical Subsection of Section A of the British Association for the Ad- 
vancement of Science at the Dundee meeting, September, 1912. P. A. M. 

? 1. Indices of the First Genus. 

1. The assemblage of objects I take to be 

a igi k . or alua22a3 
indifferently. 
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A contact in a permutation of these letters, which is (say) a,at, is called a 
major contact, an equal contact or a minor contact, according as s >, =, or < t. 

The first definitions have reference to the major contacts of a permutation. 
2. The Greater Index of a Permutation. Of a4f2r3 let any permutation 

be (say) 
,(3Ua;eyy(3aY. 

Whenever a letter is the left-hand member of a major contact, I write under it 
a number which shows how many places it is from the left of the permutation. 
Thus if the s-th letter stands before a letter prior to it in alphabetical (or 
numerical) order, I place under it the number s. In this way we obtain 

t(3aa0C7y,Y3a)/. 
1 67 

We add up the numbers so placed and obtain 1+6+7 14, a number which 
I call the "greater index" of the permutation. Similarly, if, in any permiuta- 
tion of any assemblage of letters or of ordered objects, the p1-th, p2-th, p3-th, .... 
letters are the left-hand members of major contacts, we have the definition 

Greater index P1 +P2 +P3+ P 3 * * =P 

If, in so forming the number p, we have to add nt nurnbers or, in other words, 
if the permutation possesses m major contacts, I speak of the permutation as 
being of " Class in" qua- major contacts. 

3. The Equal Index of a Permutation. If, in any permutation, the q -th, 
q2-th, q3-th9 .... letters immediately precede letters identical with themselves, 
so that such letters are the left-hand members of equal contacts, I make the 
definition 

Equal index ql+-q2-+ q3+ ..=.. q. 

Thus from 
,(3aaaryysay 

23 5 

we obtain the equal index 2+3+5 =10. 
If, in so formiing the number q, we have to add mn numbers, or if, in other 

words, the permutation possesses in equal contacts, I speak of the permutation 
as being of " Class mn" qua equal contacts. 

4. The Lesser Index of a Permutation. If, in any permutation, the 

r,-th, r2-th, r3-th, . ... letters immediately precede letters which are later in 

alphabetical order, so that such letters are the left-hand members of minor 
contacts, I make the definition 

Lesser index = rl + r2 + =3 + .... r. 
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If in so forming the number r we have to add m numbers, or, in other words, 
if the permnutation possesses m minor contacts, I speak of the permutation as 
being of "Class in" qud minor.contacts. 

5. The Greater and Equal Index. This refers to letters which immedi- 
ately precede letters which are not later in alphabetical order and is equal to 
the sum of the greater and equal indices, or to p + q. 

In the same manner we may have to consider other combinations of the 
indices p, q, r. 

6. Evaluation of :xP for Permutations of Any Given Assemblage. In the 
case of the assemblage a&f3ryk.... I wish to give a formal proof of the result 

P ~~~~~~~(J-X) (l-X2) ... (J-$ t+ik+....) 
- f 

=(J-X) (l-X2). * (J_Xi) 
- 

(J-X) (1-x2) . .. (J-Xi) * (1 -x) (l-X2). ' (j-X7c) *- 

of which an indication only was given in the postscript to the paper, to which 
reference has been made in the preamble above. 

In Cayley's notation I write 
1I-,v (s), 

so that the result to be established is written 

2xp - (1) (2) .... (i-j?k?....) 
(1) (2) ... (i) - (1) (2) ..... (j) - (1) (2) * -()*--.......... (k 

Consider a system of rows of nodes, containing i, j, k, .... nodes respectively 
and at these nodes numbers to be placed in such wise that there is a descending 
order of magnitude in each row. The number zero is not excluded from being 
placed at a node and there is no condition whatever in regard to the numbers 
which appear in the columns of nodes. If it be asked,-In how many ways can 
numbers be so placed that their sum is w?-it is readily seen that the answer 
is supplied by the coefficient of xw in the ascending expansion of the algebraic 
fraction 

(1) (2) *.... (i) * (I ) (2) *.v.v. (j) * (1) (2) * * (k)* ' 
because if wi, wj, Wk, .... be any numbers such that wi+wj+w4 o +- W. 

the members w , wj, Wk 9 .... can be partitioned in the 1st, 2d, 3d, . rows in 
nunmbers of ways indicated by the generating functions 

1 . .1 1 

(1) (2) (i) '.(I) (2) . (j) '(1) (2) *.-.. (k)' 
respectively. 

The present proof consists in showing that the same generating function 
36 
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can be exhibited as the quotient of Zx", p being the greater index of a permu- 
tation of a&(3'y k by the function 

(1) (2) .... (i+j+k+?:.. . ). 
Consider a simple particular case, i 3, j =2, to which belongs the system 
of nodes 

Q Q 

and suppose numbers to be placed at the nodes, viz., 

al a2 a3 

bi b2 

in such wise that al>a2>a3, bl>b2. Place also the quantities a, g3 of the 
assemblage a3 g2 at the nodes in the manner 

a a a 
goa 

We are about to enquire into the number of ways of placing the numbers at 
the nodes by arranging them in all possible descending orders, and then enu- 
merating each order separately. We must determine the lines of route through 
the system of nodes which may give, a descending order of magnitude of the 
numbers al, a2, a3, b1, b2 collectively. These numbers may be in any permu- 
tation so long as the two orders al, a2, a3; bl, b2 are in evidence. Thus through 
the system of nodes we may have the lines of route 

aaa#l363 aaga3aaa$aaa aa3$3ca 

aga3ga /aaa ag33aaa a/aagaa 

Beneath each line of route is placed the corresponding permutation of a3 g2. 
There is obviously one line of route for each permutation. 

If we talke any one of tllese lines of route, we inay lay out five numbers in 
descending order of magnitude along it. In the general case each line of route 
is i+j+k+. .... nodes long, and We may lay out i+j+?k+.... numbers in 
descending order along the one selected. The number of ways in which this 
caii be done is given by the coefficient of xw in 

i 
1) (2) (i+,:,, 

, , 



of a Single Vartiable Associated with any Assemblage of Objects. 287 

and if we so proceeded, in the case of each permutation of a&i7k... ., we 
would obtain this coefficient multiplied by the number of permutations of 
ai(31 7 .. . We would not, however, thus obtain the required generating 
function, because, in general, many systems of numbers may be laid out along 
more than one line of route. For example, the arrangement 

422 
32 

occurs along each of the lines of route 

VV 1 V L 

For the enumeration before us we mlust arrange that each line of route is 
utilized without overlapping. Th'is is accomplished by imposing certain con- 
ditions upon the successions of numbers which appertain to the various lines 
of route. 

Observe the subjoined scheme of descending orders for the particular case 
under examination: 

1. aaaj3j3, al?a2>a3>?bl?b2, 
2. aag3a(3, a?>a2>b1>a3>b2, 
3. oaj3gaaq3, al?b1>a2>a3>b2, 
4. f3aaa,3, b1>al?a2>a3>?b2 
5. aagga, al?>a2>blb2>a3, 
6. ag3aa, al?b1>a2>b2>a3, 
7. j3waaga, b >al?a2>b2>a3, 
8. a(3,3aa, a,?b1?b2>a2>a3, 
9. g3a3gaa, b, > a, > b2> a2 > a3, 

10. f3f3ac*a, b1?b2>a?a?>a3, 

where the descending order on the right appertains to the permutation on the 
left and therefore to the line of route which the permutation denotes. Wlher- 
ever in the permutation there is either an equal contact or a minor contact, the 
symbol > is placed in the corresponding place in the descending order; but 
wherever there is a major contact, the symbol employed is >. The successions 
of numbers thus defined are all distinct. We obtain ten sets of numbers in 
descending order without overlapping. It will be noticed that the symbol > 

invariably occurs in correspondence with one of the numbers which, when 
added together, become the greater index of the permutation. We have now 
to form the ten generating functions which enumerate the ten sets of nunmbers. 
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To enumerate set No. 6, put 

b2 =a3+A+1, 
a2 =a3+A+B+1, 
b = a3+AH+B+C+1+1, 
al- a3+A+B+C+D+1+1, 

where A, B, C, D are arbitrary positive (including zero) integers; then 

Xal +a2+a3+b1i-b2 - X5a3+4A+3B+2C+D+2+4 

where the two numbers 2, 4, which present themselves in the exponent of x, are 
necessarily the two numbers which are added together to form the greater index 

of the associated permutation a(3a,a. This generating function is therefore 

x6 

(1) (2) (3) (4) (5) 

and it is readily seen that the sum of the ten generating functions must be 

(1) (2) (3) (4) (5) 

the sum being in respect of the greater indices of the ten permutations. Hence 

_ _ _P 1 
(1) (2) (3) (4) (5) (1) (2) (3) (1) (2) ' 

or 
(1) (2) (3) (4) (5) 

(1) (2) (3) (1) (2) 

The above reasoning is of general application. When the system of nodes 

has rows containing i, j, k, .... nodes and we consider the number of ways of 

placing numbers in descending orders in each row so that the sum of all the 
numbers may be w, we have to consider 

(i+ j+k+ ... 
i! j! k'! ... 

conditioned descending orders corresponding to the permutations of a3y. 

whenever the contact is major we employ the symbol >, and > in other cases, 
as conditions of the descending order, and we find in each case that xP is the 
numerator of the generating function, where p is the greater index of the per- 
mutation. The reader will note that when the pg-th interval between the letters 

a,, a2, a3, .... ; b1, b2i . . . ; cl, c2, c3, . . . . ; . . .., in appropriate order, is occu- 

pied by the symbol >, one outstanding number, in the exponent of x which 

first arises, is Pl; and that the whole outstanding number inust be p. 

Hence in general 
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" 
(1) (2) *eee(i) *(1) (2) *eee(j ) *(1) (2) *eee(k)*eeeee 

7. When x is put equal to unity the generating function naturally reduces 
to the number which enumerates the permutations of the assemtlblage. 

8. Important Property of ExP. From the symmetry of the expression just 
obtained we gather the information that the expression of FxP is unaltered by 
any substitution impressed upon the numbers i, j, k,. 

Ex. gr., ZxP is the same for a3j2 as for a2g3. 

9. Proof that Ex xP. The last remark enables us to establish that in 
general E!Xr 

- Gp. Consider a permutation of any assemblage, viz. 

3aaayygay, 
and transfrom it by the substitution 

tag3yA 
(y a) 

(equivalent to changing the assemblage a&)273 into a3g2X4). The permutation 
becomes 

g3yyyaag3ya, 
and its lesser index is necessarily equal to the greater index of the original 
permutation. Hence EXr for the transformed is equal to YxP for the original 
assemblage; and since, as we have seen above, XxP remains unchanged by the 
transformation, it follows at once that for every assemblage 

for we have merely to make the substitution 
(aLa2 a3 . . . .aS 

ka1,a1,-a1,2 *.*.*. aJ' 

and employ the same reasoning. 
10. The Expression of p+q. Of course p, q are the greater and equal 

indices of the same permutation. We have 

p+q+r=1+2+. . ... + (X1i 1) ,,) 

p, q, r referring to the same permutation, and (z) denoting (Ei -1). Hence 
zxP+2 xP4q+rzx-r~ ~ ~ ~ ~ 

2 

( 2i) .i -) (1 )* ll 1-S2 t2 +2 . 
. . . 

_(xi) + () (+i2+1) +....-(i?+1) (1) (2) (i-fi2-.. ) 
- ; 2 
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and thence, on reduction, 
jXp q = X OD ) (2 ) + ( 2 ) . 

*..... Yp 

a noteworthy result, the truth of which can also be seen a prtort. 
We have merely to recur to the method by which the expression of ';xP was 

investigated. In the descending orders of numbers associated with the per- 
mutations we must clearly have the symbol > both when there are major and 
when there are equal contacts. This will happen if we impress a condition 
upon the numbers in each row. The condition is that in any row of numbers, 
placed at the nodes of a row of nodes, there must be no two numbers equal. 
This is secured by adding to every row of numbers 

aa2a8A * . at 

the numbers i-1, i-2, i3, .-. ,1, 0 respectively to each number in succession 
from left to right, so that the row becomes 

a1+i-1, a2+i-2, a3+i-3, ...., a1+1, ai. 

The result of this is to multiply $2xP by ' +i 1 or by x(i) in respect of 
each row. Thence at once 

]~p+ q=. x(2) + (2) + GO ) +-1Szp 

11. Difference Equation for ExP. Taking the assemblage to be .l.. . 2. a. 

write 
$p=u(i. 2 . 

and if ExP is restricted to those permutations which terminate witli a letter a., 
write 

XPu (1 2 9.is), and Ei=S; 

so that 

xP-fU(j19 i2. ... is) 
lm 

Obviously 
it, (il2 ' s) =U ('I 9 '2 1 * i s-1 I is 1) 

The function u (i1t2. ij) refers to permutations that may end with aSa,1. 
s-1 

These give rise to the function xSu(-1U, i2' . .2 9 s-1- i s). The remaining 

permutations yield the function 

u (tls 9 2 9 9 is_-1-1 is) _U (tl 9 2 9 9 * s1 s)* 

Hence 
U 

(i1 j2 9 
, i) 

s-1 

=b(i17 i2l * s-1 11 is) ( I -x'g _)ft U 2 (' ** * o1 2is- 
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Similarly it will be found that 

uX(i, i2.., i )- (1S(1 i21 ....,I is-2 1 It-sis 
s-2 

(1 ;s-1) Uz (i1, i2 1 . . . . I is-2 11 is-1 1 is) 

- (1 sX'-l) It(ij i2, I....,- is-2 1, is-1 is- 1) 

+ (1 x8-1) (1--XS2)u(i, i2 . , i2s-1, i - I 1), 

and so forth. Thence 

11(il I i2, I. . is) = U(il I i2, * , s_1 is1 )+ j U(il i2, I .....................,is_- 1,1 is) 

(S-i) (i-2)u(i1, I is-l1. , is-1, - 

+ ) U(il I i2, I....,I is-2 1, is-1 Iis) 

(S 1 ) Uz (il Ii2 I. . . .1 is-2-1, is-1 1, is) 

(S l)X4I`,2, ... s-2 1 s-1 I is 

+ (S-1) (S-2) u (ij, i2,I . ......... , is-2 1, is-l--11 is ....... 1)t+*tt@ 

and we obtain without difficulty the general equation of differences 

It(il I i2, ...., iS U (il, .. ii 1,, is) 
I 

(S 1) "u(i1 j, il 1, . im1 . is) 
1, m 

+ (S-1) (S-2)2:u(i1. , ijj1 .... I im 1. i,- 1 . i8) 
1, m, n 

This relation will be of service in the sequel. 
12. The Par ticular Case of the Assemblage a&/3. Merely considering the 

main result for the permutations of aij3, viz. 

Z$P = (1) (2). . .(i+j) 
(1) (2) . . .. (i) *(1) (2) *.... (j? 

we notice that 2xP is equal to the generating function which enumerates the 
partitions of all numbers into parts lim-ited in magnitude by i and in number 
by j. This indicates that the number of permutations of a&if wliieh have p for 
greater index is equal to the number of partitions of p, the parts being re- 
stricted as above stated by the numbers i, j. 

If the permutation is of class n (see Art. 2) the greater index is obtained 
as the sum of mn numbers. If we restrict ourselves to such permutations, I 
showed, in the postscript of the paper above referred to, that 

in 
xm2 (i-m+1) (i-m+2).... (i) (j -m + 1) (j--m+2) (j) 

~xpX -- xIn 
(1) (2) * (m) (1) (2). * . (m) 

a result which yields the well-known expansion 

(1) (2) .... (i+j) _+X (i) j +) 4 (i-i ) (i) *(i (1) (+ 
(1) (2). *.(i) * (1) (2).*.(j)- (1) * (1) (1) (2) * (1) (2) 
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This fact is referred to here in order that I may make the observation that the 
expansion is identical with that which Sylvester obtained from Durfee's dissec- 
tion of the graph of a partition into a square of nodes with lateral and sub- 
jacent appendages. (Compare Collected Mathemnatical Papers, Vol. IV, pp. 1 

et seq.). 
13. For the assemblage a&i/ we can find the equal index function 2x. It 

has first to be shown that the number p-r is equal to -i or +j according as 
the permutation terminates with x3 or a. 

Assume the law to obtain for al/P and denote by (ati/3)a, (a523i), a:ny per- 
mutations terminating with a, Z3 respectively. 

Then for (a)a, pr_ + 
for (atffl)afl, p-r +j-(i+j)--i; 
for (ati,) ,a, p-r--i+i+j-+?j; 
for (ai/3j) s , P-r +j; 
for (a'f)')aai3, p- r +j- (i+j+IL) I-1; 
for (&g3')f/3a, p -r +j- (i+ j) + (i+j+1) +j -+I; 
for (axi3'j) oc3, p-r -i+ (i+j) - (i+j+1) -i-1; 

for (acigj)L3hoa, p-r -i-+ (i+j+l) +j+-. 

These results establish the theorem. 
Hence, for the permutations ending with 3, 

and, for those ending with a, 

E p-r (7>+j 
I 

Since, for all permutations, 

5.':p + q +{ r -( +i j) 

it follows that 

, ;2p +q - i+j l)(+)i(+- 2( > 

Writing o,P, for the whole of the permutation, equal to Fij,(x), we see that, for 
those ending with 3, a, 

- F, _1 (x) and xjFj-,j (x) 

respectively. (Compare Art. 11.) Hence 

Sv- SSpAg-2s ( 2) 
-i I 

('i+) +j-2jr 
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easily reducing to the formula 
{ i-;+ ( + 1(-iT1) 

$q Xv- 2 / ]i. j1(X72) +X'\ 2 /F_,(X2)' 

It will be noted that the index q is always even when i- jO mod 4 and always 
uneven when i-j 2 mod 4. 

14. We may obtain the expression of !2Xp+r; for this is 

xp-r+2r; 

and, since E2Xr is x;iFi, l(x) or Fi,,j(x) according as tlle permutation ends 
with 3 or a, 

5Xp+rX-X-i * X2iF (X2) +xFi_ 1, >(x2) 
il 

j-1~~~ =xiFi A-1 (x2) + Xjrfi_1, j (X2) . 

The reader will have no difficulty in obtaining the expression of ZxAp+Bq+Cr for 
this assemblage. 

15. Resuming the consideration of the assemblage a1i7jk...., it is to be 
remarked that p-r- has no longer any simple relation to the permutations 
when the number of Greek letters exceeds 2. It is not possible to obtain ex- 
pressions for Nxwq and 2XP+r in the foregoing manner. Similar theorems, lhow- 
ever, will be reached when major and minor indices come under discussion later 
in the paper. Before proceeding to those matters I give some interesting 
properties of the indices that have been already under discussion. 

16. The Parity of the Gr-eater Index. Tlhe permutations of aidjyk.... 

are such that the number with an even index is equal to the number with an 
uneven index whenever more than one of the numbers i, j, k, are uneven. 
For consider the function 

(1) (2) *. ... (i+j +k+ .^. .) 
(1) (2) ...(i) * (1) (2) .11(j) * (1) (2) *1 (k) *1 

if we put therein x -1 and the function happens to vanish it must be because 
the permutations with even index are equal in number to those with uneven 
index. The factor (in) becomes 2 for x -1 whenever m is uneven. Elimi- 
nating these factors we are left with a function which may be an indeterminate 
form and may be evaluated when x- -1. This happens when numerator and 
denominator contain the same number of factors. If this be not the case, the nu- 
merator must contain more factors than the denominator and the function must 
therefore vanish for x - 1. The numerator cannot contain less factors than 
the denominator, for in that case the function would become infinite for x= -1 
and this result, from the nature of the function, is absurd. We have then to find 
out the circumstanices under which the numerator has more factors than the 

37 
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denomninator after the elimination of factors referred to above. If Ea denotes 
the greatest integer in a, the difference in number between the numerator and 
and denominator factors is 

E- (i+j+ k+.... )-E' 2-E 2 -E 2S.. 

and this is greater than zero whenever more than one of the numbers i, j, k,. 
are uneven. This establishes the theorem. 

17. There is an analogous result in the case of every prime modulus y. 
For, putting x equal to w, where c is an imuaginary Lt-th root of unity, we set 
apart all factors which involve (t, where t is not equal to L or 0 mod It. We 
are left with a number of factors free from a, and the function involving them 
is seen to vanish when x=, whenever 

1 j 
E- (ti+j+k+. .. .)-E -E -E ... >0. 

This happens if izi' mod It, j_ij' mod It, k k' mod i, etc., whenever 

i'+j'+k'+. .... >y-1. 

Under these circumstances the number of permutations, wlicll have in- 
dices - a mod L, does not vary by variation of c. 

Ex. gr., take the assemblage ao2 3 g: 

aal3y 0 i3aay 1 

aa)/4 3 yaag 1 
agay 2 faya 4 

a7aj 2 ya4a 4 
a3ya 3 37aa 2 

ayga 5 ygaa 3 

The reader will verify that the even and uneven indices are equal in number; 
also, since 2,1, 1 are =- 2, 1, 1 mod 3 respectively and 2+1+1>3, that the 
indices- 0, 1, 2 mod 3 are equal in number. 

18. Average Values of the Indices. The expression obtained for .5P en- 
ables us to find the average values of the different indices of a permutation. 

Write Ex;= YC, , so that Cp permutations have the greater index equal 
to p. The average value of p is the quotient of 2Cpp by 

(i'+j+k+ .. .)! 
i! j! k. 

To find ,CVp we may differentiate ; with regard to x anld then put x 
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equal to unity. This is not the only, or the most obvious, way of finding XCVp, 
but it is the best way for present purposes, as will appear later. To evaluate 

(1) (2) .... (i.+j) l 
x$(1) (2) .... (i) *(1) (2)... (j) X=1 

we require the value of 

This is readily found to be 
i('i+of) 

2cr 
so that 

____________ _ _ _ _ _ 

a (i + j) 1 
(1) . (j) x=1 }! j! - qi-+a - ! j! 2 

establishing that the average value of the greater (or lesser) index of the- per- 
mutation of ai&i is 

1.. 
2 

Theince 

a( (1)(2) . (i+j + k) 
X(1) (2) ..(i) (1) (2) . .(j) (1) (2) . . ., (k 

r (1) (2) ... (i+j+k) a f 3 (1) (2). .. (j-+k) 
_(1) (2). (i) (1) (2) .......... (j +k) S=1 X(l) (2). . (j) (1) (2). (k) x=l 

. 
. .-(1)(2). . (j+k) ax 

I aX (1) (2). .. (i+j+k) l 
(1) (2) ...(j) (1)(2).. (k)J (1) 2 ( (1) (2) ...(j +-k)J 

-(i+j ik) !flI.k L1I 
(jLkI. 

i ! j ! k ! 02 jk+2 ( )} 

establishing that the average value of the greater (or lesser) index of the per- 
mutations of ai(3iyKk is 

- (ij4+ik +jk). 
2 

From the above it is quite clear that, for the permutations of ai3jyk...., 

the average value of the greater (or lesser) index is 

I (sum of the products two and two together of the numbers i, j, k,. 

19. Average Value of the Equal Lndex. From the general fornmula 

$(i) (2) (k) . . 
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it is seen that the average value of the equal index is 

or from the circumstance that the average value of p+r is 

ij+ik+jk+. 
and that the sum p + q +-r is invariably 

it+j+k+ ... 
2 J 

the average value of q is 

i( 
++ - 

)(ij+ik+jk+. 
which is 

20. Average Value of the Square of the Greater Index. The value in 
question is derived from the average value of p (p-1), which is clearly the 
quotient of 

a@2 
(1) (2). - (i+j+k+....) } 

()(2). * M -(i * (1) (2). * -() *(1) (2) *- (k) **-.x 
by 

(i+j+k+ ...)! 
i! j! k! 

To evaluate this we require the value of 

when X > y. Thisi I find to be 

6 a 

There is theoretically no difficulty in determining the average value of any given 
positive integral power of the greater index. It depends upon finding the 
value of 

when 2 > t. 
The simplest cases, correspondcing to s =1 and s 2, may be written 

{a2 l_ _X1 ji2 I 1-1)} 
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and the general result, at which I have arrived, may be stated in the following 
manner: Let 

!LQL-1) (y-2).... (y-s+1l) =s+A,-y1YS-1+AS-2s -2+ ....+ y, 
and 

1V+2V+.... +nV nS, 
then 

asr - ns +} A, - ly ns s- 1nSs- + As 21s-2 nSs-2 + ... + Aj,anSj tn=1 

I do not interrupt the present investigation by giving a proof of this elegant 
theorem. I write at length the two cases which follow those given above. 

{ 1-t9 
- - 

_45( 1 _32 _6--(--1)(2- -1)+2yt-- (-1) 

{ax 1 2 =y{0 1(--1)(3 2 -3--1)}-6y34 (--1 

+ 1 y2'{ 2 --1) -1)}-6y{- -1} 

These formule may be often simplified. Thus I find that 

{3 1-r>}. = 4%( 
% ) (A-y-2) (X-2). 

The result depends upon the sums of the powers of the natural numbers and 
therefore ultimately upon the numbers of Bernouilli. I notice that 

- ( )V 
4 

1 15 

a useful relation. Writing 

OX Ks anid {t rA (n8v)n=A-1=8V'I 

we have 

=1 y2S1 _jtSI 2SI 
K2 - 82S2 S11it 82S2 Kt + K2, 

K3 =3SI-3 2SH2+ 2Sl, t3S=K1+3K2+K3, 
K44S-63 + 6 3 2 6 it 14-K + 7K2 + 6K8 +K4, 
........................... ...................... 

where the coefficients in the expression of K. are derived from the product 
x (x-1) .... (x-s + 1), and those in the expression of usS' from the expression 
of xs as a linear function of x, x(x-1), x(x-1) (x-2), . 

To apply these results I write 

(X-i) (X-j) (X-k). ... Xs I 1Xs-l+I 1Xs-2- 
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I find that the average value of p (p-1) is 

12 [3 122 t +61211 t +18411111t + J21 l +241111 t-54111 J, 12 

where, in the notation of syminetric functions, ; 22 denotes I j2 j2 etc. Since 
1 

we lhave established that the average value of p is 2 .1, we see that the 

average value of p2 iS 

12 [3 22 +61211}+18 1111 +121 +2 11Il+ 11 

which may be written 

wherein it will be noticed that the first term is the square of the average value 
of p. 

As a verification observe that, for the permutations of agy3, 

2:p =1 +3x+5x2+6X3+5x4+33x5+X6; 

so that the sum of the squares of the indices is 

3 . 12+5 * 22+6 * 32+5 * 42+3 . 52+1. 62- 268, 

268 67 
and the average value of the square 24 

1- 3-66-1 1 76 
The formula gives 2(3 6+6 12+18 +1?12+2 4+6)-7 

For the case aigi the average value of the square of p is 

1 
12- ij (3ij + i+ j +1) . 

21. Average Value of the Cube of the Greater Index. Similarly the 
reader will find with little difficulty that the average value of p (p-1) (p-2) 
for the assemblage oaig3 is 

1ij( j2j2+i2j+ jj2 5ijj2ij2j+6); 8 

and; since p3 - p + 3 p (p -1) + p (vp -1) (p -9), we find the average value of p3 
by adding to the above 

1.. 2it + ij(3ij+i+j-5); 

thence the average value of p3 iS found to be 

1j2 2(j+) (j+J). 
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22. For the assemblage a&fidjk if we write 

(1) (2) .... (i+j +k) 
(1) (2) . . .. (i) * (1) (2) .... (j) * (1) (2). * .. (k) 

(1) (2). .. . (i+j+k) (1) (2) ... (j + k) 
(1) (2). .. .(i) - (1)(2). .(j +k) (1) (2)..-.(j) -(1) (2)... .(k) 

Fi, jJrk j F, k 

since 

a3 h +3 Fa, ,. 
a2 ~ ?aXJk ~~1 3i 

j, k = Fjj+k XFj, k+ 3 axFi,j+kxiF, k + 3 x Finj+ki)rFj, a Fij + k j, Fk I 

the average value of p(p-1) (p-2) is seen to be 

jk(j2k2+j2k+jk2-5jk-2j-2k+6) + 3i(j+k) 12jk(3jk+j+k-5) 

+ 3 i(j+k) }3i(j+k) +i+j+k-5 ljk 

+ i(j+k) ) i2(j+k)2+i2(j+k) +i(j+k)2-5i(j+k) -2i-2(j+k) +6 (, 

which is 
1 1 i3 j3+3t j2 J6i2j jS2+Ej3j2+ 22;i3 k s, 2 

8 
k 

_5 `i2 j2 -1 0 "S 2 jk-2 "V i2 j4 i+ i 

Recalling that, for the same assemblage, 

Average value of p is 2 ij, 

and of p(p-l) is 1 2 (3 i2j2+6 i2jk+li2j+2ijk-5EIvij), 

we find that the average value of p3 iS 

j E3 j+ 31i3 j2 k+6 i2 j2k2 +E: i3 j2 +2 ,i3 jk+4 E,i2 j2k+ i2 j+i2 j24 

23. With small labor I find that for the general assemblage the average 
value of p3 is 

81[613111} +15)2211 t +133 4 +3)321t +6}222 t +9021114 

+ 132 +2 311 +4 ;2214 +? 22t +2 211 +6 1111V1. 
24. Average Values from Another Standpoint. For the assemblage 

a4la a.... o let us inquire into the effect which the particular major contact 
xaa (It > X) has upon the sum of the greater indices lp. When the contact 
has a letters to-the left of it, it adds a+1 to the index of the permutation. 
This happens in the case of 
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(S- 2) ! i, permutations, where S i, i 'i j * . 

so that, altogether, the effect of the contact a(a, is to add to lp the number 

a-o ?X ! i2 * ..iS! 

or 
S! 1. . 

?,1 
I ?'2 ! @ @ @ . 

?,8 ! 2 1 

Hence the contact a.ax, on the average, adds the number 2-A t,., to the index of 

a permutation, and thence we find that the average value of p is 

1 . 

verifying the conclusion of Art. 18. 
25. The number p is obtained as the sum of m numbers PI, P2. ,.1 pmm* 

where m is the class of the permutation qua^ the greater index. If we had 
under consideration the sum 

E (pv+pv+ +PV) 

we might inquire into the effect which the particular contact a a?, has upon 
such sum. The answer to this question is that the effect is to add to the sum 
the number 

z ( S 2 ) *~i i ? ( ? + I ) vI 

which is 
S! 1v+2v+ ..+ (81) 

?;1 ! ?;2 !.. . * @@iI S (S 1) ?,,, 

Hence the contact a,,ak, on the average, adds to the sum 

pvl + P2+ + +PmI 
with regard to a permutation, the number 

v+(2vS+ . + (81 1)v 

S (S 1 ) -t 
ixi 

From this result it follows that the average value of p 2v+p .... p+P is 

lv+2v+ .-+ (S )v 

26. The average value of p2+p2+ +p2 is therefore 
1 2 

* These numbers it is convenient to term the "components" of the index p. 
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and of p3+p3+P3+ +P3 
1 2 3~~~~ 

-5, il (I 'I 1 ) ':' '2; 

and so forth. 

To verify these results, take the assemblage ao2j3y: 

Pl P2 Pl2+P2 Pi +2P PI P2 Pl2+p22 p3+ p3 

aa( y 0 0 0 0 faay 1 0 1 1 

acayg 3 0 9 27 yaagB 1 0 1 1 

acgaoy 2 0 4 8 3aya 1 3 10 28 

ayaf3 2 0 4 8 y)4aa 1 3 10 28 
af3la 3 0 9 27 63yaa 2 0 4 8 

ayfa 2 3 13 35 )faac 1 2 5 9 
39 105 31 75 

giving the average of 2 and p32p3 equal to 3 and 15 respectively. 

The formulh give, since i1 2, i2 1, i3=1, i1i=4, t1I2= 5, 

Average of p2+p2 =1 (2 * 4-1) * 5 35 

Average of p3+p3 {- 43 5 =15, 

a verification. 
27. Average Value of the Class of a Permutation qua the Greater Index. 

If in the foregoing results we put v =0, then 

P1+P2+ =* +P?m mg 

the class of the permutation. Hence the average value of the class is 

8(8 _ 1) N''l'2 or 1 2 

In tlle above example 

Xil 54' 
and we observe that one permutation is of class. 0, seven of class 1 and four 
of class 2, so that the average class is 

0+7+8 5 
12 4' 

*Another corollary, paying attention to Art. 25, is that the average value of pg (p,t 0) is 

I 

I1 11 1+ 2V+ .... + (2: i 1) v i I3 

38 
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a verification. In other words we may say that the average number of major 
contacts possessed by a permutation is 

*i*i2 

;1. 
28. An easy corollary is that a permutation possesses on the average 

2 E i1 i2 

.i1 

contacts which are either major or minor. 

Since, moreover, the whole number of contacts is 2i1 1, it follows that, 
on the average, a permutation possesses a number of equal contacts equal to 

. 1-2 1 2zXt2 or 2 2 

an elegant result. 
This last result may be obtained independently. 
29. Average Values Connected with the Equal Index. The particular con- 

tact aAaA has an effect upon the sum of the equal indices q =q+q2+ * 2 ? . +qm, 

where mn is the class of the permutation quda equal contacts. When such a 
contact has a letters to the left of it, it adds a+ 1 to the equal index of the 
permutation. This happens in the case of 

(S-2) ! 2 ) 

permutations; so that, altogether, the contact adds to 2 q the number 

o,=S2 (S-2) i 2 

or 

ii! qv2 ! . .iys!2 ' 

Hence the contact Oaa,, on the average, adds the number 

to the equal index of a permutation. Thence it appears that the average value 
of the equal index is 

(see Art. 19). 
Moreover, the contact oa,aA on the average, adds to the sum 

q"+q"+... +qa 
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(where qq + q2 +.... + ) tlle number 

21 +2 + **.* + (S-1 ) ttA 2 
S (S:1) k2J' 

and. thence the average value of ql +.q+.... + qm is 

2 1+2v+ .... +(S-:1y, X iln 
*- S(8-1) 92 

The average values of q2 + q2 2.... +q 2 and q3 . q .. . + q8 respectively are 
1 3 (2 :i1 :1 m i 

and 

2 zi(_)E(2) 

Moreover, putting v-- 0, we find for the average class, qua' the equal index, 

agreeing with the result of Art. 28. 
An easy corollary is that the average value of q" (q9 * 0) is 

1 1" lv2"+ ....+ (E,i-1)v . 2i1 

In fact q" and p" have the same average values in respect of those permutations 
for which they exist as positive non-zero numbers. 

? 2. T'he Indices of the Second Genus. 
30. When we come to consider the permutations of a3iy,k, we find that the 

value of p-r does not follow any simple law, and moreover the only linear 
function of p, q and r that does so is the sum p+q+r. I now import a new 
idea into the subject by defining the major and minor indices of a permiutation. 

The Major Index, of a Permnutation. Consider two adjacent letters a,aA 
(It>,X) of a permutation of the assemblage 

IJ(1O2 . . 

If a,,a, be the g-th major contact of the permutation, counting from the 
beginning, and aA be the pg-th letter of the permutation, put 

g=m ~~g=m 
Then (p- A) pg or I Pg is the major index of the permutation and in is the 

1g= 

class of the permutation qua' tlle major index. We put the major index equal 
to P, so that 

Pl+P2+ ...+Pm-P 
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31. The Minor Index of a Permutation. Consider two adjacent letters 

axa,,o .(I > A) of a permutation. 
If acaxaI be the g-th minor contact of the permutation, counting from the 

beginning, and ax be the rg-th letter of the permutation, put 

(yA-a) rg - 
Rg. 

g=m g=m 
Then E (u-)r or BR is the minor index of the permutation and m is the 

g=1 g=1 

class of the permutation qiua the minor index. We put the minor index equal 
to R, so that 

RI+R2+... +Rm-R. 

In this system of indices the equal index is zero since (yt-2%) vanishes for x 

Ex. gr., for the permutation a,o1x3a1a5 
Major index-3 1+2 3-9, 
Minor index=2 2+4 -4-20. 

It will be at once noticed that for the particular assemblage acxl3j the major and 
minor indices are the same as the greater and lesser indices respectively. 

32. Theorem in regard to P-R. We have now the important circumstance 
that, for the most general assemblage, the number P-R has only s values corre- 
sponding to the s different letters that may terminate the permutations. 

This will now be established. To bring something definite under the 
reader's eye I give the major and minor indices of the permutations .of xj3yS. 

P R P-B P R P-R 

a,S3)' 0 6 -6 aiSSV 3 5 -2 

ayf,38 2 8 -6 aS,S3 4 6 -2 

3ayS 1 7 -6 ja3y 4 6 -2 

I3y2a6 4 10 -6 j3&ay 6 8 -2 
yaj3S 2 8 -6 &q3y 3 5 -2 

rj3aw 3 9 -6 ^j3ay 4 6 -2 

P R P-R P R P-R 

ay2g3 6 4 2 /3ySa 9 3 6 

aSy3 5 3 2 Sya 8 2 6 

ya63 8 6 2 ;q3z 10 4 6 
,'&q3 6 4 2 VS/a 7 1 6 
&Aayj3 6 4 2 d ya 8 2 6 
Sya/3 5 3 2 Syq3a 6 0 6 

The symmetry of these numbers is striking. It gives a notion of the theorems 
to be established. Let 
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(ai2 . 

denote any permutation of the same assemblage which terminates with aa. 
Assume that, for every permutation 

(a1la'2 .... a'-) 

P-R has the value - lEi + i+2i2++3i3+?.... + si8. Now consider the value of 
P-R when ak is placed as terminal letter to the above permutation. We have 
three cases to consider. 

(i) If k<l, P for (a4lac2... .aa), a, becomes P+ (l-k).i and R remains 
unaltered, so that P-R becomes 

-k (1,i+ 1) +il +2i2+ '. .. + k(i',+ 1) +.* .. + Sis 
and, since .i ? 1 and ik +1 are the new values of E2i and i., we 
see that the value of P-R is independent of I and thus obeys 
the law assumed. 

(ii) If k=l, P and R are both unaltered and we may write the value of 
P-R 

-1(1;i+1) +il+2i2+ ... . +I(il+l) + ...+t 

which is in accord with the assumed law. 

(iii) If k > 1, P is unchanged but R is increased by (k-I) :i, so that P-R 
is.diminished by (k-i) ,i and thus becomes 

-k(.V+1) +il+2i2+ * X. . +k(ik+l) + * si, + 
and again the assumed law is verified. 

Therefore by induction from simple cases the general law that for the 
permutations of (acx.. ..... ac49), we have 

P-R=-lYi+ih+2i2+... . +sis 
is established. 

33. The law is, however, more extensive than this, for, instead of having 
letters al, a2, . . . *, a, with subscripts forming the series of natural numbers, 
the subscripts may be any numbers whatever. Thus, take the assemblage to be 

am 1 am28. . . m Ml m2 MS 

where inl, M2.. . n8 are any integers, of which one is 1. Assume the law 

P-R for (a MlaM2 
. .c4l) Ms l i+ iml%+?M2'm2+?*.. +1i"+*... + iMsm, 
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Now adding ak to the permutation as before we get for the new value of P-R 

-k (Yi+ 1 ) + mtiim + M2im2 +*.. +k(ik+1)?.. +m,i, 

whether k be >, = or < I and whether k is one of the numbers in1, in2 .... 

m; or not. This is independent of I and obeys the assumed law, so that the 
general law is established by induction. Setting forth the values of P -R for 
the assemblages 

ailai2a2 a2,23 . we obtain the schemes 

a2 -il aV -2ij-i2 a4 -3ij-2i2-i3 
a 1 +i2 a2 -il +i3 a3 2ij-i2 +i4 etc., 

a, +i2+2i3, a2 -il +i3 +2i4 

a, i2 +2i3+3i4,4 

the letters a denoting the terminal letters of the permutations. 
The values for the terminal letters am, a,.m+, are symmetrically related. 

Each line of a scheme is derived from the preceding line by adding Zi. 
34. General Relation between Ix' and lxR. It is not true in general 

that , = although this equality happeinis to obtain for the particular case 
of the assemblage alai2ai3 as will be seen presently. The above investigation 
shows that if Ix' refers to the permutations which terminate with a, 

>;tXP = sX 
- 

l5ti-t 
i + 2i2 + +'S t I s8SR 

I I 

This appears to be the most general relation obtainable, but, if the assemblage 
be unaltered by the substitution 

(ala2 aX3 . X.. a8) 
ka8a 8-la.,-2 *- a,J 

it is clear that the P and R of any permutation are the same as the R and P 
respectively of the permutation obtained by impressing the substitution. Thus 
in this case 

lx' $P ". xR Sc Xi4- ii- 2i - .si, I ,t;p 

I s-1+1 s-1+1 

and R 

35. Difference Equation for 2.x Let 

XPt=V(il, i 2 .. , 
and ZXP=V(il, i2. . I ijs 

It is clear that v(i1, i2 .... is)=V(i19 ,2 ....9 s-1is-1). The function 

v ( i i2 .. i8) refers to permutations that may end with a,aa-1; these give 
8-1 

rise to the function 
$i-V (i1 ^ i2 , . . . . tt- s 
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the remlaining permutations give rise to the function 

V (i1 
i 

2 .. s_-1-1 ij -V (il i2 *i- s 

Hence 

V (iJi2 * i) =V ('1 I 'i2 I V s1i)(;-1 (il 1 i2 * i_-1 ... I) 
s-1 

where (Mi-1) means 1-x-t- . 

By similar reasoning we obtain 

v (iji2 is) -V (il 9i2 . W.s_, 1 iS_ is) 
s--2 

-(2]i-2) v(ij, i2, ... i8-_2-19 is-1 is-1) 

+(:;i-1) (Ii-2) v(ij, i2 * is-~1 i- 1 s 
-1) 

and the general formula is easy to obtain, but we do not need it at present. 
An application will be made at once to a particular case. 

36. The Assemblage a&3igyk. Since v (i, j, k) =v (i, j, k) +v (i, j,k) +v (i, j, k), 
8 ~~~~~21 

we find 

'x'=v(i, j, k) =v(i, j, k-1) +v(i, j-1, k) +v(i-1, j, k) 
(ZI-1) v(i, j-1, k-l,) -(.M-1) v(i-1, j-1, k) 

-(2,Zi-2) t) (i-1, j, k- 1) + (Mi-1) (Zi-2) v (i-1., j-1, k-1 ). 

Also interchanging i and k, 

v (k, j, i) =v (k, j, i-i,) +v (k, j-1, i) +v (k-1, j, i) 
- (Zi-1) v (k, j-1, i-1) -(Yi-1 ) v (k-1, j-1, i) 
- (22U-2) v(k-1, j, i-1) + (Y.-1) (Yi-2)V (k-1, j-1, i-1). 

These-results enable us to establish that 

v(i, j, k) =v(k, j, i); 

for if tllis law obtains in all cases when the sum of the three numbers i, j, k is 
less than w, it is seen that the right-lhand sides of the expressions obtained for 
v (i, j, k) and v (k, j, i) are identical. If then we can show that the law obtains 
when i+ j+k is equal to any number w in all cases, the law must be universal. 

We may note in the first place that 

v(O, j, k) - (1) (2) ( ( (2) (k) ( 
v (i, j, ) = Fi j(x), IV (i, O; k) -=Fi, k (x2); 

and that for these forms the law obtains. It follows that the law obtains when 
w_2, for then the forms are 

v(2, 0, 0), v(0, 2, 0), v(0, 0, 2), v(1, 1, 0), v(1, 0, 1), v(0, 1, 1). 
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Hence universally 
v (i, j, k) =v (k, j, i). 

The function is therefore symmetrical in i and k. 

37. Proof that for the Assemblage aiWjyk, .XP=JXR. Since the value of 
P for any permutation of the assemblage is equal to the value of R for the per- 
mutation obtained from the former by the substitution (ay), it follows that ;xP 

for the assemblage aif3iyk is equal to SXR for the assemblage (akejxYi). Since, 
moreover, the substitution has been shown above not to alter the expression 
xx", it follows that universally XR. 

38. The Algebraic Expression of ]zp for the Assemblage aigjyk. Since it 

has been shown that the functions u(O, j, k), u(i, 0, k), u (i, j, 0) are equal to 
F1, k(x), Fi, k(x2), Fi, 1(x) respectively, we are led to consider the function 

(1)(2). ... (i+j+k) (2) (4). .. . (2i+2k) 
(1) (2) .... (j) * (1) (2) .... (i +k) (2) (4) .... (2i) * (2) (4) .... (2k) ' 

which possesses these properties and also becomes equal to the number of per- 
mutations of ai3i,yk when x 1. It is, moreover, symmetrical in i and k, and 

is obviously correct in simple particular cases. Ex. gr., it is (3)(4) when 
(1) (2) 

In fact, it will be shown subsequently that 

X=j i+k (X) Fi,k(X) 

and it has been verified that this expression satisfies the difference equation 
for v (i, j, k) obtained above. 

Another verification of our results is obtained by showing algebraically 
that XR has the same expression as Xxp. 

39. Derivation of XR fromn Exp. Since zR _:XR-P+P xR-PXP for 
all sets of permutations for which R-P has a constant value, we must have 

- v 
+iiV (iZ j, k) -+ Xi -k v (i, j, k) + X-i-2k v (i, j, k) 

3 2 1 

and this will be found to be equal to the product of 

(1) (2)... (i+j+k-1) (2)(4) .... (2i+2k-2) 
(1) (2) ...(j) *(1) (2) ...(i+k) ()(4) .... (2i) *(2) (4) .... (2 k) 

and 
x2i+j(i+k) (2k) +xi-k (j) (2i+2k) Xi-k (j) (i+k) (2k) 

+x73.2k(i+k) (2i) _a;12k(j) (i+k) (2i) -2k(i+k) (2i) (2k). 

The expression last written is found to be 

(i+j+k) (2i+2k), 
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establishing that 

(1) (2) .... (i+j+k) (2) (4)... (2i-+2k) 
(1) (2) * . . . {j) *(1) (2) * . . - (i+k) (2) (4) .... (2i) * (2) (4) .... (2k)' 

the expression already found for ZxP. 

40. Evaluation of Z$P+R. We could also find the expression of 5XAP+IiR, 

where %, y are arbitrary positive or negative integers. To find lxP+R we consider 

xR P E X,2P 

in three fragments and if xP= Gi, j, k (), we find 

E 2P;R 
- 

*2i+ i G, j, k (X2) + Xi-k Gi, j, k (X2) + X-j-2k G, (X, 2 
a 2 1 

, 

where u (i, j, k) is written Gi, , k (x) 

I thence find 

SKP+R (2) (4). ... (2i+2j+2k-2) (+i+j+k) 
(2) (4) .... (2j) * (2) (4) .... (2i- +2k-2) 

(4) (8) .... (4i+4k-4) (XV +$ 

4)(8) ... . . (4 i) (4) (8) . . . . (4 k) (V2i?.1) (Xi?xi+k). 

Ex. gr., for i 2, j= 1, k 1, I thus find 
$ P+R - x3 + 3x5 + 4X7 + 3x9 + x11, 

which the reader can readily verify from the permutations of a237. 

41. Average Values of the Major and Minor Indices. Following the 

method of Art. 18, we have only to differentiate the major or minor index 

function of the assemblage &3igy 7k viz. 

F,, i+k (x) Fi, kI(X) 

with regard to x, and then to put x = 1, to obtain the value of ZP or :R, and 

thence the mean value of P or R. 

The mean value is in fact 

xF i+k (x) f x=1 a aZFi, k(T2) x= 

(i+j+k) (i+k) 

which, making use of results obtained above, is found to be 

1j(i+k) ik 

or 
2 (ij+2ik+jk). 

39 
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42. The mean value of P(P-1) or R(R-1) is similarly found to be 

x.Fj,i+k(x) Lx=1 + 0aFj,i?k(x) la + FxFi, )Fk(X2) kFk 

(i+j+k) (i+j+k) (i+k) (i+k) 

and, making use of previous results, this is found to be 

1 12i2k2 +4i2k +4ik2-8ik+j (12i2k + 12ik2+i2 + k2+ 2ik-5i-5k) 

+j2(3i2+3k2+6ik+i+k) X, 

symmetrical in i, k, as should be the case. 

Adding to the above the mean value of P, viz. 1 
(ij+2ik+jk), we find 

for the mean value of P2 the expression 
1 14ik(3ik+i+k+l) +j(i+k) (l1ik+i+k+l) + j2(i+k) (3i+3k+1) t. 

There is of course no theoretical' difficulty in obtaining the mean values of 
higher powers of P. 

43. Mean Values Discussed in the Second Manner. Following the pro- 
cedure taken with regard to the greater, equal and lesser indices, we can obtain 
some results which appertain to the major and minor indices of the general 
assemblage a', a ....ao 

I suppose that P is formed by addition in the manner 
P=P1+P2+. . . +Pml 

where mi is the class of the permutation qua' the major index. 
We inquire into the effect which the particular major contact a,,+c,, has 

upon the sum of the indices ES'. When the contact has a letters to its left 
and Zi-a-2 letters to its right, it adds v(a+l) to the index of the permu- 
tation. This happens in the case of 

(iN 2) !i,, ig+ 
i ! i2! . . i! 

permutations; so that, altogether, the contact adds to SP the number 

or- 0 i 2 ! . i 

which is 
1 2_ !_ *_ 

Hence, on the average, it adds the number 
1 p. 
2 v , ,u+ 

to the. major index of a permutation. 
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Also the s-v contacts a+, al, a?+2 a2 . as a,__ add, on the average, 
the number 

2-v ('i' i+1+'2 i,+2+ ... +is--v is) 1 

to the index. 
Now making v vary from 1 to s-1, we find that the average value of the 

major index is 
1 =s 

A=y-l 

9.2 J=2 AX=1 

where u >X, a result which clearly embraces and generalizes that already found 

for the assemblage aig rk from other principles. 
44. The result is essentially the average value of P1+P2+ .... +Pm. 

To find the average value of PI+PP+.... + P , we have merely to note that, 
under circumstances such as the foregoing, the contact a,+,a, adds the number 

?-i-2 (i-2 is !+ t( 

to the sum ZPI. Hence we readily find that 
1 z~~=s X=g-1 

Average value of ZP2= (2xi-1) E Z (y- 2i,i,, where ,u>X; 
6 A=2 A=1 

1 *=s A=A-1 

Average value of ZP3=4 (i) (Vi-1) , E (y-a)3iXi,L, where > 
4 1.4u=I X=1 

There is no difficulty in continuing the series, which ultimately, of course, 
involve the numbers of Bernouilli. 

It will be noted that the above results enable us to find the average value of 

Applied to the assemblage a&fiyk, we find 

Average value of Zp2l (2i+2j+2k-1) (4ik+ij+jk), 

Average value of ZP8-4 (i+j+k) (i+j+k-1) (8ik+ij+jk), 

..................................................... 

45. The same course of reasoning applies to the minor index 

R-R1+R2+. ..+Rm 

and we thus find that, for the most general assemblage, 

XR = P; 

and that the average values of 2Rt and ZPt are identical. This is somewhat 
remarkable, because the minor index function ~XR is not equal in general to the 
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major index function Vx;; nor is there in general any one-to-one equality 
between the values of R and the values of P for the same assemblage. The 
reader may test this statement by looking into the indices of the assemblage 
(t. ai2 a'3 ai4 when i -i =4 1 and i3 0. However, there is a one-to-one 
equality between the numbers P. and the numbers R. for the whole of the 
permutations of the assemblage. Indeed, if this were not the case, we could 
not have 

the summation being for all the permutations, and our results absolutely 
necessitate this. 

46. General Conntection between $x and Partitions. With the object of 
investigating the functions tx", x, I next place them in general connection 
with the theory of partitions. Consider any permutation 

ogayyaGy,ay 
of any assemblage a3 32y . Associate with it three rows of numbers 

al a2a3 

b1 b2 

C] C2 C3 C4 

the numbers in each row being in descending order of magnitude from left to 
right. I suppose the permutation to correspond to a descending order of 
magnitude, subject to conditions, of these nine numbers. I regard the permu- 
tation as yielding the Diophantine relations 

,3a yya a y 8ay 
b1>a1>c 1>c2>a2+1; a2?c >b2>a3>c4 

where it will be noted that in correspondence with the letters a, fi, y, we have 
the letters a, the letters b and the letters c, each in the given descending order. 
The contacts ga, ygf are associated with the symbol >; the contact ya also 
with the symbol > ; but the letter a, corresponding to a, in this case is increased 
by unity. So, in general, when the contact is a,,+a, ,, v being >0, the symbol 
is >, but the letter corresponding to a, is increased by v-1. When the con- 
tact is ax a"+V , where v is zero or positive, the symbol is >, and the letter 
corresponding to a,,+ is not increased or diminished. 

Under these circumsbtances the enumerating generating function of the 
numbers a, b, c, which satisfy the conditions, is 

x22 

1) (2 .o . - 9 {a 9 
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where the number which is the exponent of x in the numerator is necessarily 
the major index of the permutation (compare Art. 6). If we go through a like 
process for every permutation of the given assemblage and add the generating 
functions, we find 

$XP 

(1) (2) * . . (9)' 
I:P being the major index function of the given assemblage a3f2y4. 

47. The question now arises: Wlhat have we enumerated by this generat- 
ing function? We clearly have not counted the number of ways of arranging 
the numbers a, b, c in the three rows so that there may be descending order in 
each row and also a sum equal to a given number w, for that is what we suc- 
ceeded in doing by means of the greater index function .xP. We have in fact 
eliminated certain arrangements from those under enumiieration. It is easy to 
see that with reference to the contacts ay, ya, the former gives 

Either a1 or a2 or a3 > either c1, cI C2 C3 or c, e 

while the latter gives 

Eithier c, or c2 or c3 or C4 > either a,1? or a2+1 or a3+1, 

so that in no circumstances can any number in the third row be one greater 
than any number in the first row. There is no other condition, so that we have 
enumerated all of the arrangements that were connected with the greater index 
function except those which involve any third row number greater by one than 
any first row number. Having obtained the precise condition of partition cor- 
responding to the major index function of the assemblage aigjiyk, we are now 
in a position to investigate the major index function. Before doing this it is 
convenient to establish the like conditions that are associated with the major 
index function of the general assemblage a4ac2. . . ..a's 

48. In correspondence with the contact a ̂a,+, I we have as a condition of 
summation 

Some t-th row number > some (y+v)-th row number, 

and for the contact a ,+ a, 

Some (,+v)-th row number > some p-th row number + v-1; 

hence under no circumstances can a (y + v) -th row number be greater than a 
t-th row number by any of the numbers 

1, 2, 3, ..., v-1. 

In regard to the rows under examination, there are thus (v -) i/A i,.+, conditions. 
Between adjacent rows there are no conditions. Altogether there are 
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conditions, the summation extendinig to every pair of the numbers i1, i2,. 
whose subscripts differ, at least, by the number 2. 

If we now find the function which enumerates the ways in which numbers, 
of given sum, can be arranged in s rows (containing respectively i1, i2 .. , 

numbers, zero being permissible as a number) in descending order in each row 
so that the above-mentioned E;(v-l)i iA i,., conditions are satisfied, we shall 
evidently obtain an expression equivalent to 

z$P 

(1) (2) .... (Zi)' 
and thus we can arrive at the form of the major index function 2x'. 

The minor index function lxl presents no further difficulty, since it was 
shown in Art. 34 that XxI for the assemblage al 2 8.... is identical with 
2xP for the assemblage a's-a'--'.... a4. 

49. Determination of 2xp for the Assemblage aixil k. The associated 
problen in partitions is merely concerned with the first and third rows of 
the three rows of numbers. We have thus two rows 

a1a2.... a, 
C12 .-- Ck, 

and we have to find $a1+a2+....- at+Cl+c2+ -+ck subject to the conditions 

ala->a1 
? >?.... ?a, 

el > C2 > C3 > **** Ck , 

with the added set of conditions that no c is to be one greater than any a. Let 
this function be p, k (a). Then we shall have 

______________P__ - (Pi-,k(x) 

(1) (2) ... (i +j +k) (1) (2) *.-.v. (j) 
We will first determine p, ,(x). We have to find $xa+c subject to the single 

condition that c is not to be equal to a+ 1. This is very simple, because we 
have merely to exclude the terms for which c= a + 1 from the complete function 

(1)2 Thus 
_ 1 x2a+ 1 1 (4) 

It is, however, more advantageous to proceed by the method that is of general 
application. For this purpose I construct the function 

X- , s 
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wliere the symbol X denotes that the function is to be expanded in ascending 
powers of the variable; that, from such expansion, all terms are to be rejected 
which do not involve either a positive or a negative power of %; and that then 
X is to be put equal to unity. Ex. gr., the general term is 

a 
x )a( or Xa+l-cxa+c; 

so that the symbol X rejects terms for which c a+1, and thus the final function 
is Ea+c, the sum being for all positive integers a, c except those for which 
c a +1. This is the required condition, so that 

1,1 (X) X 
(1-X$) (1-1 

Observe that the X function is necessarily unaltered when we write - for A, 

although its form is changed. We have the identity 

_ _ _ _ _ _ _ _ __ _ __ _x 

(1 -(2) (1 -Xx) +(2) (1 i) +(2 

so that 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ 1 + -2 (4 ) 

(1 - xX) (1_$) (1) (2) +(1) (2) =(1) (2)2; 

leading of course to the result that, for the assemblage aciy, vx' has the ex- 
pression 

(1) (2) . (j + 2) (4) or (j + 1) (i+ 2) (4) 
(1) (2). (j) (1) (2)2 (1) (2) (2) 

50. To determine q,,1(x) I form a function 

x n fl 

(1 -A.x) (1- )1X) 

The general term in the expansion of the function is 

Xp (A2x) al( r)a2( )C1 or Aa - a2cal +1 - - clXal +a2 cl 

If, therefore, in the expansion, the exponent of A is zero or positive, the condi- 
tion a, > a2 is satisfied. If also the exponents of X and yt are neither of them 
zero, the conditions al+1*cl, a2+1*c1 are satisfied. The symbol Q is associ- 
ated with the auxiliary coefficient A in such wise that its effect upon the ex- 
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panded function is to abolish all terms wlhich involve A to a negative power. 
The symbol X is associated with the auxiliaries X and y in such wise that it abol- 
ishes from the expansion all terms which do not involve x and It (each of them) 
positively or negatively. Hence, from our definitions 

(1-AAx)(1 )1 ;, 

The effect of Ql can be seen with little trouble, so that we may write 

IP2, 1 (X) = 
X 

(1 X) 1 X2)( x) 

The reader will have little difficulty in proving that, if a be any auxiliary or 
combination of auxiliaries, 

l 2t 

?~~ 
x~~ 

a + a t - 

1oxGs) (1-fi) = (s+t) (1-aox) (s+t)(l-0L) 

1 1 

(-) (s+t) ( 1_ )+ (s+t) (1-) ) 

Applying the first of these results we can elimninate the auxiliary yu. We havre 

_ _ a a\ 

(1) (2) (3) (13 (1xx) + 

?2,(t)83 }+,()% ,(+t) 1- 

a sggstie ormlaor orutin 

Ad sinc the s futin wesclan wer i e thfoan au2,0 i( y We find 

(1-2,(2) (3) A(3) + 1_Pii() * - 
51., sincn ah prcsl similarn meanneriwe findan P2 wefn 

2~~~~()v2 



of a Single Variable Associated with any Assemblage of Objects. 317 

where Q abolishes the terms which involve negative powers of A1 and A2, and X 
acts in the usual manner on the auxiliaries A, , r. 

We find at once 

3,(X) = 
X 

and now, eliminating 2', we find 

x2 

p3, 1(X) (-x)X1 ay k % 
) (1-X) (1_XaX2) (4) (1-a ix3) (4) ? 1 

(4) C,O(X ) (4) (1-ax) (1-x2) (i- x) 

Now 

X~~~~~ 

(1 ASX) (1 - 
.1x 2) 1- X) 

is not of the same form as the expression for q2, (X); but it is equivalent to it, 
because, from the fact that i, k(X) =Pk, i(X), established above, if we proceed 
to form ?, 2 (X) we find 

01,2(X)= -X 
X 

)( 2 

1 1~~X X 
and herein we may substitute for x and 1 for y. 

Hence 

1 ~~~~~X 2 
IP3, 1 (X) = 3(4 3,0 (o + 4 ?2, 1 (X) 

( 4) + (~4) 
( 

52. Examination of the foregoing slhows that 

Os, I1(X ( +1) , 0(IV) + p 8,1(X) 

and assuming that 

O's- (X 
(1) (2s) 

(2)2 (3) .... (s) 
we find 

40 
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1 x2 (1-x 28) (2s +2) 
cp,l($) =(1) (2) . (s+1) + (1) (2)2(3) (s+1) (1) (2)2(3) .... (s+1) 
verifying the assumption. 

Hence Ex' for the assemblage a1iBgy is 

(1) (2) .... (i+j+1) (2) (4) .. (2i+2) 
(1) (2) * i i i (j) - (1) (2) .......... (i +1) (2) (4) ..(2i) * (2) 

53. We now examine the series 02,2(X) q08,2(X) . It will be agreed 
that 

%1A 12X2) 1 - 
2X2F 

* ( 
11X x21)1-B%12X22 

where Q has reference to A and B, and X to, the auxiliaries ' 12 21 I22. 

We immediately eliminate A and B and find 

11( 1 lA2X) (1-'%11,2'2l2 $;L2) 1 $~ )1 2 
*11*%12%21*%22 

Eliminating %22 we find 

cp2, 2( x) = z 1X__ _ __ _ + 2 l x 2a 2 

(1-A11X12X) (1- XjA) (4) {1-,ial2x 1- _ } 

cp2?2 (X) is now the sum of two X functions; in the first of these we may put 
X12-1, since X12 occurs to a positive power in every term of the expansion, and 
similarly we may put '21 = 1 in the second function, for it occurs to a negative 
power in every term of the expansion. Hence 

?P2,2 (X) =(1x I . 11'21 
(1 -2 1x) (1 ~~12V21t2) (i-X x2) 

1%2 

and fro pr evio1 r1e we m w 

and from previous results we may write 

AP, (X 
, 

02, 1 A X + 1, 2 X) 
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54. Similarly we find 

(P3, 2 (X) 5) 3,1 (X) + ( 2, 2 (X) 

and in general 

P,2(X) = (i+2) il1() + (i+ 2) P-1,2(X) 

We know the value of qb,2 (x), and assuming that 

,Pi - 1, 2 ( x) = ( 2) ( 4) . . .. ( 2 i + 2 ) 
1l-2.. i1 2 (2) (.....(2i+2) 2(4 

we find 
(1) (2i+2) $4 (2i) (2i+2) 
(1) (2)2(3) (4) .... (i + 2) + (1) (2).... (i+2) (2) (4) 

- ~~~(2i-]-2) _4 4_ 24 

(1) (2)2(3) (4)2(5) (i+2) 
- (2i+2) (2i+4) 

(1) (2)2(3) (4)2(5) .... (i+2) 
1 (2)(4)....(2i+4) 

(1) (2) . . .. (i+F2) '(2) (4) .... (2i) * (2) (4) 
establishing the assumed law. 

Hence Zx' for the assemblage a&i/3y2 is 

(1) (2) .... (i+j+2) (2) (4). ... (2i+4) 
(1) (2) * .. +(j) *(1) (2) *+... (i+2) (2) (4) .... (2i) *(2) (4) + 

55. On precisely the same reasoning we find 

1 X 27 
+t, k($) =(i+k) q(, k-I (x) + (i?k) -,k (x) 

and assuming that 

qi, k - 1 ()2.(2)(4) .... (2i+2k-2) 
,k- ) (1) (2) * (i+k-1) (2) (4) .... (2i.) * (2) (4) ... . (2k-2) 

(1) (2)..(2) (4) .... (2i+2k-2) 
l,)(1) (2) . (i+k-1) (2) (4).... (2i-2)' (2) (4).. (2k)' 

we find 

4pi,~~~ 1 ) ( .* (i+ ) ( 24 ) (4 2i) 
... (2i+ 2 k -2) J 

X_ 2 k ~ki(~ =(1) (2)....(i+k) (2) (4)....2i (2i+2k-..2k 
+ x2k (1- $2i) 

or 

(x) 1 (2) (4) .... (2i +2k) 
k (1) (2) * . . (i-+fk) (2) (4) .... (2i) * (2) (4) .... . (2k) 

the final result. 
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Hence a'g for the assemblage aqfi yk is 

(1) (2). .... (i+j+k) (2) (4). ,. . (2i+2k) 
(1) (2), . (j) * (1) (2) .... (i +k) (2) (4) .... (2i) (2) (4) ..,.(2k)' 

or 
Fi, i+k (x) . Ft, k (X2) 

as previously conjectured. 

56. The Expression of :x'P for the Assemblage aig?k L. The actual 
determination of this expression is reserved for- a future occasion, but a few 
remarks upon the problem will not be out of place. For the assemblage a0i63k 

the second row of numbers was not involved in the partition question, so that 
we had only two rows to deal with. In the present instance we have all four 
rows essentially involved in the partition question. We may write 

zxp 

(1) (2) * . . (i+jI+k+l 'P4j,k, (X), 

and the question in partition is the determination of (x , 1(x) by considering 
the four rows of numbers 

al a2 a3, * ai, 

b1b2b3 ... bj, 
el C2 C3 -, **Ck Y 

did2d8. d.. ,, 

We have to find X la+ b+ZC+2d from the conditions 

a, >a2> a3> > ail 
bl>b2> b3.> a t >bjy 

C1 > 2 > C3 > .*c*-k c 

d >d2>d > . >.t di 

with the added conditions: 

(i) No c is to be one greater than any a, 
(ii) No, d is to be one greater than any b,. 
(iii) No d is to be one greater or two greater than any a. 

There is no difficulty in writing down the crude generating function involving 
the symbols X and Ql and the associated auxiliary coefficients. There is, how- 
ever, considerable difficulty in handling the function in question so as to eliminate 
all the auxiliaries and arrive at the desired formula. 

The function 2,P or (1) (2) . (i +j+k+1) i, ,k, I (x) has the following 
properties: 
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(i) For x = 1 it must reduce- to the number which enumerates the permu- 
tation of the assemblage aicLf lk Sl. 

(ii) If x be put equal to unity after differentiation with regard to x, we 
must obtain the value of IP that has been set forth in Art. 43. 

(iii) For j k =0 it must reduce to 

Fi, 1(x3). 

(iv) For I 0 and i=0 it must reduce to 

F, i+k (x) - Fi,k (x2) and Fk, j+ (X) ' F1 I (x2) 

respectively. 

If we put k =0 we must get the expression of $x for tlle assemblage 
ai gi31; if we put j = 0 we must get the expression of :xx for the assemblage 
ac 'k 31; and it would seem to be imperative to investigate these expressions in 
the first instance. In fact, when we come to the general assemblage a,aa2 .. .a, 
we may put any s-3 of the repetitional exponents equal to zero, and we would 
thus realize the expression of Yxx for the assemblage 

a8t&, atS2 a'rs, 
8i 82 83 

where sl, s2, S3 are any three different numbers in ascending order of magni- 
tude. It would thus appear to be imperative ultimately to investigate tllis 
case also. 

It is of course obvious that XxP for the assemblage ac4. a812 is 

Fi, Y Fi,.2 (x8;-S1) , 

and we thus obtain three indications to help us in the investigation of the 
assemblage 

a01 ats(2 a'xS 
8i 82 

To these we may add the known results of putting x =1 before and after 
differentiation. 

57. Crude Expression for xP for the Assemblage ayS. The actual 
expression of V;P can be obtained from the permutation set forth in Art. 32. 
It is 

1 +x+2X2+3x3+4x4+2x5+5x6+x7+3x8+x9+x1'O 

Its unsymmetrical character will be noted. It shows that we can not expect 
the expression of xp for the assemblage acifylSk 6 to be in the form of a single 
algebraic fraction involving factors all of the form (s). 
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For the assemblage agfIS I construct the function 

X .I ;t8 14 *%24 Y14 

(1-X1]3141114X) (1- ;24-Z)(1--)(1- $ ) 
X13 X14 X24 914 

and note that the general term in the expansion is 

a13 
*%14 #24 14 (t]3xl4 14$) a(24$) (x)C (XX{ ) 

or 
;a+1-c %a+1-d %b+1-d 8a+2-d $a+b+c+ d 

The operation of X excludes zero powers of each of the four auxiliaries, so that 
the required conditions are satisfied, and the constructed function is therefore 
the crude expression of , 1, 1, 1 (x). Then 

_x= (1) (2) (3) (4) 1 1, 1,1 (x) 
I have actually verified that 

1 +x+ 2X2+3s+~4X4 +2x5+ 5x6+x 7+-3x8+x 9+ x'0 

qi1,1,1,1 Qv) (1) (2) (3) (4) 
but as I have not yet succeeded in carrying out the reduction in a satisfactory 
manner, so as to show how the general case should be handled, I withhold 
the algebra. 

LONDON, ENGLAND, October 21, 1912. 
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